We calculate characteristic time scales for chemical equilibration of pions in hot hadronic matter using an effective chiral Lagrangian. We find that inelastic processes involving the vector and axial vector mesons reduce the chemical equilibration time by a factor of ∼ 10 compared to the result previously calculated in chiral perturbation theory. For a temperature of T ∼ 150 MeV we obtain a chemical relaxation time of τ ch ≃ 10 fm/c, which is comparable with typical time scales for a hadronic system generated in SPS-energy heavy ion collisions. The effect of baryons is also estimated and found to be negligible for SPS-energies but important for AGS-energies. We predict, that chemical freeze-out should take place at considerable higher temperatures ∆T ≃ 20 MeV than thermal freeze-out and that the hadronic phase would not sustain a pion chemical potential larger than 100 MeV.
I. INTRODUCTION
thermal equilibrium on the time scale 0.3 ∼ 0.5 fm/c after collision with an undersaturated gluon density. The thermalization of quarks follows that of gluons with the time scale 1 fm/c and reach chemical equilibrium later since the quark pair production by gluon fusion and the decay of gluons occur at a somewhat smaller rate. These thermodynamic equilibration conditions would be observed in open charm, photon, dilepton, and J/ψ production.
The question of the equilibration in hadronic phase, on the other hand, has been addressed by analyzing the observed hadron abundances and spectral distributions [6] [7] [8] [9] [10] [11] . The prevailing view requires first a chemical particle freeze-out, from which particle abundances are preserved, followed by a thermal freeze-out, after which all interactions between the produced particles have ceased. Since the system remains in local thermal equilibrium the state can be characterized by a maximum of the entropy consistent with the conservation laws for energy, momentum and of the relevant particle number. Neglecting dissipative processes, the corresponding continuity equations then imply that entropy is conserved, i.e. the expansion is an adiabatic process. If so, the hadronic system is described by two parameters, temperature T (x) and a 'chemical potential'
1 µ i (x) for each species. Assuming such a partial equilibrium, i.e. thermal but not chemical, the observed hadronic abundance can be well described.
As far as strange degrees of freedom are concerned, one expects only a partial saturation since the time scale for strangeness saturation is normally larger than the collision time scale. The chemical properties of strange particle at freeze-out are regarded as an important ingredient to understand the strangeness production in high energy nucleus-nucleus collisions [12] .
Naturally, hadronic observables can only tell us something about the conditions at freezeout. In this paper, we are interested in the thermal and chemical equilibrium condition of pions in hot hadronic matter at temperatures higher than the freeze-out temperature in order to see if the observed freeze-out conditions can be understood within a pure hadronic model.
We use an effective chiral Lagrangian with vector and axial vector mesons to describe the interaction of pions in hadronic matter. In section 2, we first consider the processes that lead to thermal equilibrium for pions in hot hadronic matter. Elastic pion collisions, π+π → π+π, turn out to be the principal thermalizing process. Secondly, we clarify the meaning of chemical equilibrium and chemical potential of pions in hot matter produced in high energy nucleus-nucleus collisions. Thirdly, we estimate the characteristic time scale for chemical equilibrium of pions in hadronic matter, first with pions, and then later including resonances.
Finally, we also explore the effect of baryons on the chemical equilibrium conditions of pions in hot hadronic matter. In section 3, the time scales for the chemical equilibrium of pions are studied assuming a finite pion chemical potential.
II. THERMODYNAMIC EQUILIBRATION OF PIONS
The thermodynamic equilibration in a hadronic system is driven by multiple collisions among particles in the system. Generally the equilibration time is directly proportional to the collision rate. In an expanding system, therefore, the collision rate should be much larger than the expansion rate of the system in order to maintain thermodynamic equilibrium. As long as the expansion velocity of the system does not exceed the most probable velocity of the thermal particles in the system, this condition is satisfied if the mean free path of a particle is shorter than the size of the system. In the following we determine the thermal and chemical relaxation time of pions assuming that the system is slightly deviated from the equilibrium state, i.e. in the relaxation time approximation.
A. Thermal equilibrium
At low temperatures hadronic matter, which mainly consists of pions, can be analyzed systematically in the framework of chiral perturbation theory at finite temperature. The low energy theorems, which are obtained from current algebra and partial conservation of axial-vector current (PCAC), can be translated into a corresponding set of exact statements concerning the coefficients of the low temperature expansion. Since typical pion energies are of the order E ∼ T at finite T , interactions among pions generate power corrections, controlled by the expansion parameter T 2 /f 2 π , where f π = 93 MeV is the pion decay constant [13] . It is therefore possible to treat the interaction in low temperature pion gas as a perturbation.
The thermal equilibration of pions at low temperatures will be governed by elastic twobody collisions, π + π → π + π, since inelastic processes contribute in the next leading order in the low energy expansion. As long as we consider elastic two-body collisions, the thermal relaxation time τ th is given by [14] 1
where f i 's are Bose-Einstein distribution function. The factor 1/4 in front comes from identity of particles at initial and final state and the sum is over the spin and isospin degeneracy of particles 2, 3 and 4. The second term (∼ e −βE ) indicates the contribution from inverse reaction. Note that this result is obtained in the relaxation time approximation. In the classical limit where Bose-Einstein or Fermi-Dirac quantum statistics is approximated by the Boltzmann statistics, this can be written as
where σ is the cross section corresponding to the relevant reaction and v a2 is the relativistic velocity.
The mean relaxation time is defined as
When we use the current algebra result for the ππ scattering cross section we obtain
With this approximation it has been shown that the mean relaxation time is about 2 fm/c at T = 150 MeV [14] . Since the mean free path λ ≈ τ in the relativistic limit, the result can be compared to the size of the system. Here we assume that the radius of the hot matter would be 5 ∼ 10 fm. This implies that pions are in thermal equilibrium in hadronic matter, mainly due to the two body elastic collisions.
At temperatures close to the phase transition, other heavy mesons like kaons, vector mesons, etc., become increasingly abundant and reduce the thermalization time even further.
Thus, we conclude that pions can maintain thermal equilibrium in hot hadronic matter even at comparatively low temperatures. From formula Eq. (2.4) we expect a freeze-out temperature ≤ 130 MeV for a small system such as S + S or S + Au. This is somewhat lower than the values extracted from experiment, which are ∼ 150 MeV. The reason for this slight discrepancy is most likely due to the flow generated in the reaction, which reduces the effective system size.
We also expect that light vector mesons, ρ, ω, φ, reach thermal equilibrium in hot hadronic matter. For ρ, ω the dominant reactions will be the collisions with thermal pions through heavy resonances such as π + ρ → a 1 → π + ρ and π + ω → b 1 → π + ω , see
Ref. [15] . In this reference it has also been shown that the various collisions in hot hadronic matter make it possible for phi mesons to be in thermal equilibrium. In the following discussion we will always consider a charge neutral system and, therefore, µ charge = 0.
However, the lifetime of a system created in a relativistic heavy ion collisions is much too short in order for the electromagnetic and weak processes to be relevant, so that we can safely ignore them from now on. Let us also assume for a moment, that the time scale for the strong number changing processes are long compared to the lifetime of the system, whereas the elastic processes, which are responsible for the kinetic equilibration, are fast.
In this case, the number of pions does not change, and, after kinetic equilibrium has been established, the pions are distributed according to a Bose-Einstein distribution As we will demonstrate in the following, the first process drives the fugacity parameter µ f to zero, leading to an absolute chemical equilibrium. In the second process, on the other hand, the pions are simply 'locked up' in the ρ-meson, but never really disappear. This process ceases to be effective once 2µ 
C. Chemical relaxation time for pions
The characteristic time associated with chemical equilibrium is determined by a large number and variety of inelastic processes. The following processes are subset of possible reactions in hadronic matter which change the number of pions;
In order to estimate the characteristic time scales for chemical equilibrium we consider a system slightly out of equilibrium. For this case the distribution function in phase space of the various particles takes the form
where p ν is the four-momentum of the particle. λ ν (x) and β ν (x) are four vectors constructed from the local flow velocity u ν (x), the local chemical potential µ(x) and the inverse local temperature β(x) = 1/T (x):
As explained in the beginning, the non-vanishing chemical potential µ is the parameter which measures to which extent the system deviates from absolute chemical equilibrium.
For simplicity we consider hadronic matter in which all thermodynamic variables depend only on time and are uniform in space. The change in particle density (n) is then given by
Boltzmann type rate equations [16] ;
where δn is the number of particles changed in the process and R gain , R loss are standard Boltzmann collision integrals for the production and annihilation rates respectively.
Pion gas
To be specific, let us consider first hadronic matter at low temperatures which mainly consists of pions. Since chiral symmetry suppresses the reaction rates for multi-pion scattering we consider an inelastic reaction with the minimum number of pions, i.e. the reaction π + π ⇀ ↽ π + π + π + π. In this case the gain term, i.e. the term that increases the pion number is associated with the reaction π + π → π + π + π + π and the loss term is related with the backwards process. Using the unitarity relation for the matrix element M
the rate of change for the pion number is given by
Here, the pion density n π (t) is the sum over all charge states. The statistical factor S for the initial and final state is given by 1 2! 4! and the sum is over the isospin degeneracy of all participating particles. In the Maxwell-Boltzmann limit of the Bose-Einstein quantum statistics, we have
where
Notice, that the number of pions ceases to change if and only if µ π = 0. Thus, the process π + π ⇀ ↽ π + π + π + π drives the system to chemical equilibrium and, therefore, is a true number changing process according to our previous definition. If we assume that the system is only slightly away from chemical equilibrium, i.e. . Also, in this approximation, for fixed temperature
where n 0 π stands for the equilibrium density. The above rate equation Eq. (2.17) then reduces
The solution is given by
The above approximations are nothing else but the well known relaxation time approximation and τ ch is called the chemical relaxation time.
For the process under consideration here the integral I 0 (T ) is given by
where σ(π 1 π 2 → π 3 π 4 π 5 π 6 ) stands for the isospin averaged cross section and v 12 for the relative velocity. The sum is over isospin of the initial states. In the chiral limit the inelastic cross section is [17] 1,2
(2.24)
With this cross section the chemical relaxation time is proportional to f would not be reached in the expanding hot hadronic matter consisting of pions only.
Resonance Gas
In the presence of excited states, i.e. resonances, the number of pions is changed by the decay process of resonances (and vice versa), e.g., ρ ⇀ ↽ ππ, ω ⇀ ↽ πππ, a 1 ⇀ ↽ πρ, and inelastic scattering such as ρρ ⇀ ↽ ππ, πω ⇀ ↽ ππ, πa 1 ⇀ ↽ ππ etc.
(i) Resonance decays
First we consider resonance decays. In this case the relaxation time will be inversely proportional to the decay width. Specifically, in case of ρ ⇀ ↽ ππ we have
I 0 (ρ ⇀ ↽ ππ; T ) can be related to the decay width of the ρ via where n 0 α indicates the equilibrium density for each species. This is very short, and to a good approximation we can assume that pions and ρ-meson are always in relative chemical equilibrium.
The same conclusion holds for the decay a 1 → πρ since Γ a 1 →ρπ = 400 MeV. Thus we have µ a 1 = µ π + µ ρ = 3µ π where we use µ ρ = 2µ π . However, the decay rate for omega mesons into three pions is too small in order to reach relative chemical equilibrium.
(ii) Inelastic scattering
Next we consider the inelastic collisions involving resonances such as, π + π ⇀ ↽ ρ + ρ, π + ω ⇀ ↽ π + π, and π + a 1 ⇀ ↽ π + π. Again, the rate of change of pion density is given by
As long as the process ρ ⇀ ↽ ππ is fast compared to the one we are considering here, we can, to a good approximation, assume pions and ρ-mesons are in relative chemical equilibrium, 
The same arguments hold for the process π + a 1 ⇀ ↽ π + π, whereas the approximation will be not valid in case of π + ω ⇀ ↽ π + π. For the reactions involving ω mesons we assume µ ω ≈ 0 to estimate the corresponding contribution to the chemical relaxation time of pions.
In order to evaluate the relevant collision integrals, hadronic cross sections have been calculated from an effective chiral Lagrangian with vector and axial vector mesons. The details are given in appendix A. All processes included in the calculation are summarized and results for invariant amplitudes are presented in Appendix B. To take into account the off-energy-shell effects we introduce form factors in the calculation of the cross section. The standard way to accomplish this is to insert a monopole form factor at each vertex in a t−channel diagram
where α indicates a species for the exchanged particle. We take a value of Λ = 1.7 GeV for ρππ vertices in ρ exchange reactions [18] and of m ρ in pion exchange processes. Λ = m a 1 and 1.7 GeV are taken for a 1 πρ vertices and ωρπ vertices, respectively.
In Fig. 1 
Absorption on baryons
Next, we take into account the pion number changing processes involving baryons. The dominant contributions come from low laying baryons, like nucleon N(938) and ∆(1236).
Since the ∆ resonance decays into Nπ with width Γ ∆N π = 120 MeV we expect there will be a relative chemical equilibrium with respect to the reaction ∆ → Nπ with µ ∆ = µ B + µ π .
Here µ B indicates the baryon chemical potential, associated with the conservation of the baryon number.
There are also inelastic, i.e true pion number changing, reactions including baryon resonances, such as NN → N∆. To estimate the characteristic time scale for the baryon induced inelastic collisions we use a phenomenological parameterization for the isospin averaged N∆ → NN cross section [19] ;
where p f is the momentum in the final NN channel and
Here √ s is in GeV, σ in mb. Then the time scale τ ch is given by
where we use µ ∆ = µ B + µ π and
Here the sum is over the spin and isospin for the initial particles.
Results are shown in Fig. 2 . We use µ B = 176, 223, 278, 516MeV for the baryon chemical potential which are obtained from the analyses of SPS energy data on strange baryon and antibaryon production [8, 11] and of AGS energy reactions [7] . The time scale turns out to be about 10 ∼ 100 fm/c at T = 180 MeV except for the AGS experiments. This is too large to change the number of pions in expanding hot hadronic matter. For AGS experiments with µ B = 516 MeV we find that τ ch ∼ 5 fm/c at T ∼ 150 MeV. This implies that the baryon effect is important for AGS experiments but negligible in case of SPS experiments. In the following we, therefore, ignore the corrections due to the presence of baryons.
III. CHEMICAL EQUILIBRIUM WITH FINITE PION CHEMICAL POTENTIAL
So far we have considered the characteristic time scale for chemical equilibration of pions when the system is slightly out of chemical equilibrium. This is the case either when the hadronic system evolves from a fully equilibrated quark-gluon plasma phase and hadronizes without any changes in chemical properties or when the hadronic system directly is produced in thermodynamic equilibrium state. However, if the system is out of chemical equilibrium initially, the reaction rate for the pion number changing processes will be affected by the finite pion chemical potential.
We, therefore, extend the previous definition for the chemical relaxation time to the case with finite chemical potential and define
which is the ratio of the pion number changing rate over the the excess (or lack) of pions as compared to equilibrium. In the limit of vanishing chemical potential, µ π → 0, the resulting chemical relaxation time coincides with that derived in the previous section.
A. Chemical relaxation time of pions: out-of equilibrium
In the previous section we found that for a pure pion gas the chemical equilibration rate 
where we take Boltzmann approximation for the distribution of pions. The calculated chemical relaxation time is shown as dotted line in Fig. 3 for µ π = 100 MeV. When the system is out of equilibrium the number changing process becomes considerably faster -about a factor of 5 at T = 150 MeV -than in the previous case where the system was near equilibrium (note the different scale on the y-axis of Fig. 3) . However, the reaction rate is still large compared to the size of the system, τ π ch ∼ 10 fm/c at T = 180 MeV. Thus, in a hadronic system consisting of only pions, the number of pions ceases to change at the early stage of the expansion even if the system is out of equilibrium at the beginning of the evolution.
Once we include resonances additional processes help to change the pion number. Again we assume that the decay processes such as ρ ⇀ ↽ ππ and a 1 ⇀ ↽ πρ are fast enough to maintain the relative chemical equilibrium even if pions have a finite chemical potential.
From Eq. (2.14) we can see that the pion number is not changed by these reactions. The pion number will be changed, however, by the reactions such as ρρ → ππ and πa 1 → ππ;
these reactions actually mean that four pions decay into two pions. The chemical relaxation time for the corresponding reactions is given by
with µ ρ = 2µ π . We also get the similar relation for the πa 1 → ππ;
where µ a 1 = 3µ π .
We show the relaxation time with µ π = 100 MeV in Fig. 3 . The total chemical relaxation time for ππππ ⇀ ↽ ππ is given by the sum for all possible channels. With a finite chemical potential of pions, the chemical relaxation time of pions now becomes short compared to the size of the system. Thus the number of pions would be changed in hot hadronic matter even near the thermal freeze-out temperature. The oversaturated pion number will be reduced mainly by the reactions ρρ → ππ and πa 1 → ππ. Especially axial vector mesons very easily interact with pions and annihilate into two pions. However, we should note that the thermal freeze-out temperature is also reduced when we include a finite pion chemical potential [14] .
With non-zero pion chemical potential one also expects an oversaturation of vector and axial vector mesons with the relation µ ρ = 2µ π and µ a 1 = 3µ π , respectively. The above result, of course, implies that also the number of vector and axial vector mesons changes as quickly as that of the pions.
In Fig. 4 all kinetic equations including the expansion of the system. This is best done in a transport approach and will be addressed in a separate work. In order to give a rough estimate let us separate the problem into two pieces. First of all, we determine the chemical potential as a function of temperature, assuming the absence of any number changing processes. Given that, we can then evaluate the chemical relaxation time using our previous results.
In order to determine the chemical potential as a function of temperature, we assume that the system initially (after hadronization) is in chemical equilibrium. We furthermore ignore all true number changing processes. In this case we have only two possible reactions in hadronic phase; elastic pion scattering which maintains the thermal equilibrium and the decay of the excited states, e.g. ρ → ππ and a 1 → πρ. The local configuration of pions is then described by temperature and a single chemical potential, µ.
Since the system still remains in thermal equilibrium, the state can be characterized by a maximum of the entropy consistent with the conservation laws of energy, momentum and of relevant particle numbers. Since we neglect dissipative, i.e. pion number changing, processes this implies that entropy as well as the pion number is conserved in the expansion. Thus one can assume that the ratio of the effective pion number densityn π = n π + 2n ρ + 3n a 1 + · · · to entropy density s remains constant during the expansion after hadronization until freeze-out,
As a result of keeping s/n π constant, the chemical potential will rise. This is due to the overpopulation of pionic states due to the decay of the resonances. It has been estimated that pion chemical potential is about 86 MeV at freeze-out temperature [20] . To be specific, we assume that the particles are distributed according to
where i = π, ρ, a 1 · · · and g i is the spin and isospin degeneracy factor and
The entropy density is given by
where the pressure is
Assuming that the ratio of entropy density of the system to effective pion number density is constant throughout expansion, we can obtain the temperature dependence of the pion chemical potential as shown in Fig. 5 [20]. Here we take two different initial (hadronization)
temperatures, T h =180 and 200 MeV, where the chemical potential is assumed to be zero,
With the temperature dependence of the pion chemical potential we can calculate the total chemical relaxation time based on the reaction ππππ → ππ, ρρ → ππ and a 1 π → ππ.
We show the result in Fig. 6 . At the initial temperature we, of course, have the same This value is comparable to the size of the hot system produced the collision of large nuclei.
Given a system size of 5 ∼ 10 fm we obtain a thermal freeze-out temperature which is small compared to those extracted from experiments [6, 11] . This might be due to flow effects which lead to smaller effective system sizes. If we take the thermal freeze-out temperature be about 150 MeV, then the freeze-out size of the system would be 2 ∼ 3 fm. On the other hand the chemical relaxation time for a system of this size would be T = 170 MeV. This implies that chemical freeze-out of pions happens at considerably higher temperatures than thermal freeze-out. This result is somewhat at variance with the findings of [8, 9] , where pion spectra and particle abundances could be reproduced assuming the same freeze-out conditions. In order to properly assess the magnitude and importance of this discrepancy, a detailed transport calculation including all the number changing processes presented here is needed. We have extend the definition for the chemical relaxation time to a system of pions out of equilibrium with µ π = 0. In this case it is possible that the overpopulated pions will be reduced by the inelastic reactions involving vector and axial vector mesons. At T = 150
with µ π = 100 MeV the relaxation time is about 2 fm/c which is certainly comparable to the system size at freeze-out. However, we should note that the thermal freeze-out temperature is also reduced when we include a finite pion chemical potential [14] .
In order to make contact with reality, we have determined the pion chemical potential as a function of temperature assuming isentropic expansion while ignoring number changing processes. Based on this relation, we could give a somewhat more realistic estimate of the actual chemical relaxation time. We found that in this case the chemical relaxation time is about 5 fm/c at T =150 MeV. For systems which are larger than 5 fm we, therefore, expect that the chemical potential at freeze-out will be considerably smaller than the value of 86 MeV, which has been obtained without taking number changing processes into account.
In conclusion, as long as the effective system size is not considerably smaller than 5 fm, a buildup of a pion chemical potential larger than 100 MeV would be very difficult to understand. At the same time, we also predict a considerable difference between the chemical and thermal freeze-out temperatures. To which extent that is reflected in the data needs to be investigated within a transport calculation.
Future work will concentrate on a transport theoretical calculation of the chemical equilibration. We also plan to extent the present study to include the reactions involving strange particles. 
V. APPENDIX A: EFFECTIVE CHIRAL LAGRANGIAN
We consider an effective chiral Lagrangian with vector and axial-vector meson fields which are introduced as massive Yang-Mills fields [21] ;
where U is related to the pseudoscalar fields φ by given by 
With parameters g = 10.3063, σ = 0.3405, ξ = 0.4473 [22] we can well describe the properties of vector and axial vector mesons.
From the Lagrangian we have For the four point vertex we have 6) and also have L (4) We also include the gauged Wess-Zumino term in the effective Lagrangian to describe the non-Abelian anomaly structure of QCD [23] , which leads to an anomalous interaction among a pseudoscalar meson and two vector mesons, In this appendix we summarize the invariant matrix element for each inelastic collision considered in section (II.C). The interaction for each process is obtained from the effective Lagrangian.
The related diagrams are shown in Fig. 7 . The explicit expression for the invariant matrix element for each reaction is given by
where c 1 and c 2 are given in previous section.
The invariant scattering matrix element is then given by the sum as
The related diagrams are shown in Figs. 8. The explicit expression for the invariant matrix element for each reaction is given by
The related diagrams are shown in Fig. 10 . The explicit expression for the invariant matrix element for each reaction is given by
14) 
